Working directly on affine Lie groups, we construct several new formulations of the WZW model. In one formulation WZW is expressed as a one-dimensional mechanical system whose variables are coordinates on the affine Lie group. When written in terms of the affine group element, this formulation exhibits a two-dimensional WZW term. In another formulation WZW is written as a two-dimensional field theory, with a threedimensional WZW term, whose fields are coordinates on the affine group. On the basis of these equivalent formulations, we develop a translation dictionary in which the new formulations on the affine Lie group are understood as mode formulations of the conventional WZW formulation on the Lie group. Using this dictionary, we also express WZW as a three-dimensional field theory on the Lie group with a four-dimensional WZW term. * This work was supported in part by the
Introduction
Affine Lie algebra, or current algebra on S 1 , was discovered independently in mathematics [1] and physics [2] . The affine-Sugawara constructions [2] [3] [4] were the first and simplest conformal field theories constructed from the currents of the affine algebras. The WZW model [5, 6] , formulated on Lie groups, is the world-sheet description of the general affine-Sugawara construction. See Ref. [7] for a more detailed history of affine Lie algebra and conformal field theory.
Affine Lie groups, which are generated by the affine algebras, are infinite dimensional generalizations of Lie groups. This paper discusses equivalent reformulations of the WZW model in terms of coordinates on the corresponding affine Lie groups. These reformulations of WZW theory are based on recent work by Halpern and Sochen [8] , who used the coordinates on the affine Lie groupĜ to construct a new first-order differential representation of affine g × g, and the corresponding second-order representation of the (left-and right-mover) affineSugawara constructions.
An outline of the paper is as follows. Part I begins with a review of the new representation of affine g × g. We go on to discuss the representation in further detail, including the construction of the coordinate-space representation of the primary states of affine g × g. In Part II, we use the new representation of the currents, and the corresponding WZW Hamiltonian, to find two new equivalent action formulations of WZW theory in terms of the elementsĝ ∈Ĝ of the affine Lie group. In these formulations, the target space is the affine Lie group, g : B →Ĝ
(1.1)
while the base space B may be either one-dimensional (called the mechanical formulation on G) or two-dimensional (called the field theory onĜ). In Part III, we develop a translation dictionary in which the new formulations onĜ are understood as mode formulations of the conventional WZW formulation on the Lie group G. Using the translation dictionary, we also find a three-dimensional formulation of WZW theory on the Lie group.
For comparison with our results, we first recall the conventional formulation [5, 6] of WZW theory on G,
i, a = 1 . . . dim g (1.2b)
where k is the level of the affine algebra. In the sigma model form (1.2a) of the Lagrangian, x i (τ, σ), e i a (x(τ, σ)) and B ij (x(τ, σ)) are respectively the coordinates on G, the vielbein on G, and the antisymmetric tensor field on G. In the g ∈ G form (1.2c) of the action, χ is a trace normalization and ∂ = (∂ τ + ∂ σ )/2,∂ = (∂ τ − ∂ σ )/2.
Our first new formulation of WZW theory on the affine Lie groupĜ is a mechanical system with Lagrangian i, a = 1 . . . dim g, µ, m ∈ Z Z (1.3c) where x iµ (τ ) are the coordinates onĜ and e(x(τ )) andΩ(x(τ )) are the vielbein onĜ and the adjoint action of the affine group elementĝ. The index y * (on the vielbein and the adjoint action) labels the extra dimension of the affine group manifold corresponding to the central term in the affine algebra. In (1.3b),B iµ,jν (x(τ )) is an antisymmetric tensor field on the affine group, whose role in the mechanical system is analogous to that of the conventional antisymmetric tensor field B ij (x(τ, σ)) on the Lie group.
The group element form of this mechanical action is
(1.4) whereĝ ∈Ĝ. The rescaled traceTr and the symbolĝ ′ (which is closely related toĝ) are defined in the text. This form of the action exhibits a two-dimensional WZW term on the affine group.
The actions and Lagrangians above are equal
under the translation dictionary, and in fact their kinetic and WZW terms are separately equal. We note in particular the various forms of the WZW term, which now range from three-to one-dimensional.
Our second new formulation of WZW theory onĜ is a constrained two-dimensional field theory,
with a three-dimensional WZW term on the affine group. The last term of (1.7) is the constraint term, where λ is the multiplier. The first two terms of this action, without the constraint term, were considered as a theory in Ref. [9] , and the theory was found to have an infinite degeneracy in that case. In the formulation (1.7), it is the role of the constraint to remove that degeneracy and to implement the classical equivalence with the conventional formulation of WZW theory on the Lie group.
We also find formal quantum equivalence of the formulations onĜ with the conventional formulation of WZW on G,
iS W ZW (1.8) where the equalities hold up to irrelevant constants. In (1.8), the conventional formal WZW measure Dg is a product of Haar measures on G at each spacetime point. Similarly, the affine measures D Mĝ and D Fĝ are appropriate spacetime products of formal Haar measures onĜ.
Our final form of WZW theory is a constrained three-dimensional field theory on the Lie group
with a four-dimensional WZW term.
The interested reader may profit from an early glance at the picture (9.1), which is a schematic presentation of the relations among all four formulations of WZW theory discussed in this paper.
Part I
Affine Lie groups and affine Lie derivatives 2 First order differential representation of affine g × g
In this section, we review the first-order differential representation of affine Lie algebra recently given by Halpern and Sochen [8] .
We begin with the current modes J a (m) of untwisted simple affine Lie g [1, 2] ,
where k is the level of the affine algebra and f ab c and η ab are the structure constants and Killing metric of Lie g. It is convenient to write the affine algebra as an infinite dimensional Lie algebra,
where L is the general tangent-space index. Here the central element k is included as a generator, and the non-zero structure constants f LM N are given in (2.2c). The summation convention in (2.2a) is generally assumed throughout this paper. The adjoint matrix representation of the affine algebra,
is constructed from the structure constants as usual.
We also introduce the objectη LM
which will be called the rescaled Killing metric of the affine algebra. The relation of the rescaled Killing metric to the formal Killing metric of the affine algebra will be discussed in Section 8, which also discusses other formal issues of this nature. The rescaled Killing metric can be used to obtain the totally antisymmetric structure constants of the affine algebra,
whose non-zero components are given in (2.5b). The rescaled Killing metric arises frequently in the development below, although we often find it convenient to simplify mode sums by using the Kronecker delta.
We consider next the affine Lie groupĜ generated by the affine algebra, whose arbitrary elementγ ∈Ĝ can be writtenγ (J , x, y) = e iykĝ (J, x).
Here, y and x iµ , i = 1 . . . dim g, µ ∈ Z Z are the coordinates on the affine group manifold, and g is the reduced affine group element. For simplicity, we assume thatĜ is simply connected and we limit ourselves in this paper to the β-family of baseŝ
for the reduced affine group element. We also assume that the tangent-space coordinates β am are invertible functions of x so that x iµ (β) is well defined. An example of this family of bases is the standard basis,
where e iµ am (0) is the left-invariant vielbein onĜ (defined below) at the origin.
The left-and right-invariant vielbeins e Λ L (x) andē Λ L (x) onĜ are defined as follows,
where Λ is the general Einstein index. Note that we have distinguished the Einstein index y from the tangent space index y * , both of which are associated to the coordinate y. The inverse vielbeins may be used to construct the left-and right-invariant affine Lie derivatives E andĒ,
The relations in (2.10b) guarantee that the affine Lie derivatives E L andĒ L satisfy two commuting affine algebras with central elements E y * andĒ y * .
From (2.6) and (2.9), one finds that the vielbeins satisfy the relations, and (2.11c) also implies thatĒ y * = −E y * = i∂ y * .
The induced action of the affine Lie derivatives on the reduced group elementĝ is described by the reduced affine Lie derivatives E andĒ,
where D andD are called the covariant derivatives. It follows from (2.12c) that the reduced affine Lie derivatives satisfy two commuting copies of the affine algebra,
at level k and −k respectively. Although we will only do so in Section 3, one may obtain two commuting copies of the affine algebra at the same level k by definingĒ ′ a (m) ≡Ē a (−m). The reduced affine Lie derivatives (2.12a) are a first-order differential representation of the currents of affine g × g. Other first-order differential representations of affine Lie algebra are known, such as the coadjoint orbit representations in Refs. [10] and [11] , but these provide only a single chiral copy of the algebra.
Although the construction above guarantees that the reduced affine Lie derivatives (2.12) satisfy the algebra (2.13) of affine g × g, it is useful to have the machinery to check these relations directly.
We need in particular the Cartan-Maurer and inverse Cartan-Maurer identities for the left-invariant vielbein,
which follow from (2.11a). The same relations with e →ē hold for the right-invariant vielbein.
These identities are sufficient to compute the curvature of the covariant derivatives in (2.12b),
and also to check that the reduced affine Lie derivatives satisfy the affine Lie algebras (2.13a,b).
To check the commutator of E andĒ, we first introduce the adjoint actionΩ ofĝ, which
where the matrix-valued group elementĝ(T adj , x) isĝ(J, x) with J →T adj (see eq.(2.3)). The quantityη is the rescaled Killing metric (2.4), and the pseudo-orthogonality relation (2.16c) follows from the antisymmetry ofT adj .
We also need the relations between the right-and left-invariant quantities,
which follow from eqs.(2.16a) and (2.9). Using (2.17b), (2.13a), and (2.16b), it is straightforward to verify thatĒ commutes with E.
3 The primary states of affine g × g
The reduced affine Lie derivatives (2.12) are a coordinate-space representation of affine g × g, so it is natural to consider the coordinate-space representation of the primary states of affine g × g.
To construct these states, we begin with a matrix irrep T of the Lie algebra g,
and introduce the corresponding chiral affine primary states |R(T ) , which satisfy
Then, the primary states ψ(T, x) of affine g × g are constructed as
Using the induced action (2.12c) of the reduced affine Lie derivatives, it is easily checked that these states are primary,
. The other states in the modules of affine g × g are constructed as usual by the action of the negative modes E a (m < 0) andĒ ′ a (m < 0) on the primary states. We remark that the primary states may be expanded about the origin to any desired order
in powers of the tangent-space coordinates β am (x). This expansion is closely related to a high-level expansion of the primary states,
whose leading terms correspond to an abelian contraction [7] of the affine algebra. A different high-level expansion of the primary fields is
where g(T, x) = exp(iβ a0 (x)T a ) ∈ G is the Lie group element. This expansion corresponds to another contraction [7] of the affine algebra, in which only the non-zero modes are abelian.
The antisymmetric tensor field on the affine group
In this section, we find an antisymmetric tensor fieldB iµ,jν = −B jν,iµ on the affine Lie group G, which, as we shall see, is analogous to the antisymmetric tensor field B ij = −B ji of the conventional WZW model on G.
We begin by choosing a β-basiŝ
for the reduced affine group elementĝ. In any such basis, the vielbein has the explicit form,
whereΩ is the adjoint action in (2.16 
where η ab is the inverse Killing metric of Lie g andB iµ,jν is the desired tensor field onĜ.
We know thatΩ in (2.16c) is pseudo-orthogonal, so the matrix Nη in (4.3b) is antisymmetric. It follows thatB iµ,jν is antisymmetric, 
Using the identity (4.5) and the steps of the previous section, it is straightforward to check explicitly that theB-form of the reduced affine Lie derivatives satisfies the algebra (2.13) of affine g × g.
In Section 8, we will find thatB iµ,jν satisfies other identities which show further analogy with the conventional WZW tensor field B ij on G (see also Section 10) . Further discussion of the operator currents (4.6) is given in Section 11.
Bracket representation of affine g × g
To construct classical dynamics on the affine Lie group, we need the Poisson bracket representation which corresponds to the first-order differential representation (2.12) or (4.6) of affine g × g. The bracket representation may be obtained by the usual prescription,
where {A, B} is Poisson bracket and p iµ are (classical) canonical momenta.
Using the substitution (5.1a) in the reduced affine Lie derivatives (2.12), we find one form of the classical current modes
Similarly, the equivalentB-form of the classical current modes,
is obtained by the same substitution in the operatorB-form (4.6). Following the steps of Section 2, the bracket algebra of affine g × g,
is easily verified for both forms of the classical currents.
In what follows, we interchangeably use the terms classical affine Lie derivatives or classical currents to refer to E a (m) andĒ a (m) in (5.2,3).
Part II
Actions on the affine Lie groupĜ 6 WZW as a mechanical system on the affine group In this section we construct a natural action for classical mechanics on the affine Lie group G. As is clear from its construction, this mechanical action must be equivalent to the WZW action on the corresponding Lie group G. The equivalence is studied explicitly in Part III.
The operator WZW Hamiltonian H = L ab g * * J a J b +J aJb * * 0 sums the zero modes of leftand right-mover affine-Sugawara constructions. When written in terms of the reduced affine Lie derivatives (2.12), the coordinate-space form H = L ab g * * E a E b +Ē aĒb * * 0 of this Hamiltonian is a natural Laplacian [8] on the affine Lie group.
To construct the corresponding action on the affine Lie group, we begin with the standard classical WZW Hamiltonian written in terms of the classical affine Lie derivatives (5.2,3),
whereη am,bn in (6.1c) is the inverse of the rescaled Killing metricη am,bn in (2.4). As seen in (6.1a), this Hamiltonian is the natural generalization to affine g × g of the Casimir operator on Lie g.
The time dependence of the classical currents
follows immediately from (6.1d) and the current algebra (5.4).
Using the explicit form (5.2) of the classical affine Lie derivatives, we obtain an explicit form of the Hamiltonian
where p − iµ is defined in (5.2b). This Hamiltonian describes a classical mechanics whose coordinates x are coordinates on the affine Lie group. The equivalentB-form of the Hamiltonian is
where we have suppressed the x-dependence of all quantities, and p iµ (B) is defined in (5.3b). The Hamiltonian equations of motion
follow from eqs. (6.3,4) .
Coordinate space
We turn now to the coordinate-space formulation of the mechanical theory onĜ. To begin, one uses eq.(5.2) or (5.3) and the equations of motion (6.5) to obtain
for the coordinate-space form of the currents.
Similarly, the mechanical action on the affine Lie group
is obtained from the Hamiltonian (6.3) in the usual way. The equivalentB-form of the Lagrangian is
It is straightforward to check that the associated Lagrange equations of motion of either form of the action reproduce the Hamiltonian equations of motion (6.5). A third form of the mechanical action, in terms of the reduced affine group elementĝ, is given in Section 12.2.
This action is one of the central results of this paper. Although the classical mechanics (6.7) or (6.8) onĜ shows no spatial coordinate σ, this formulation must be equivalent to the conventional WZW model on G because the Hamiltonians of the two formulations are isomorphic. This equivalence is studied in detail in Part III, where we will see that this action is in fact a mode formulation of WZW.
WZW as a field theory on the affine group
In the last section, we expressed the WZW model as a mechanical system on the affine Lie group,ĝ (x(τ )) : IR →Ĝ.
In this section, we show that the model can also be expressed as a two-dimensional field theorŷ
on the affine Lie group.
Mathematically, our task is to extend the base space from the line (τ ) to the cylinder (τ, σ), thereby promoting the mechanical variables x iµ (τ ) to σ-dependent fields x iµ (τ, σ). The reason that we can make such an equivalent field-theoretic formulation is that the Hamiltonian of the system
admits a commuting quantity P
which we may interpret, according to (7.4d), as the generator of spatial translations. This form of P is the standard WZW momentum, written in terms of the classical affine Lie derivatives (5.3), and eq.(7.4c) follows immediately from the current algebra (5.4).
The spacetime dependence of any observable A is determined by this system, and, in particular, the relations
follow from eq.(7.4c).
In this framework, all fields are now σ-dependent, and the bracket relations of the earlier sections, e.g.
should be read at equal σ. Moreover, all field products should be read at equal σ, for example
and similarly for the Hamiltonian.
The spatial dependence of the affine Lie derivatives follows immediately from the current algebra,
Combining this with the known time dependence (6.2), we find that the affine Lie derivatives are chiral,
The usual local chiral currents are then identified as
and the usual local current algebra
follows from the mode algebra (5.4). Further discussion of these local currents is given in Section 11.
The spacetime derivatives of the canonical variables,
also follow from the equal-σ brackets (7.6a) and the explicit forms of H and P .
Spatial constraints
The procedure described above to extend the base space via commuting P operators is quite general. One may guarantee that the extended theory (on the extended base space) is equivalent to the theory on the unextended base space by considering the spatial derivative relations (such as (7.12b,d)) to be constraints on the canonical variables. In a functional formulation, this prescription corresponds to the functional identity
and similarly for the canonical momenta. The functional delta function in (7.13a) enforces the spatial constraints in the extended theory, and it follows that the spatial constraints can be implemented as usual in a Dirac formulation of the theory.
In the case at hand, this prescription guarantees equivalence of the field-theoretic formulation onĜ with the mechanical formulation (6.8) onĜ, and hence with the conventional WZW model itself.
To be more explicit about the equivalence with the mechanical formulation, we first rewrite the constraint (7.12b) in terms of the tangent-space fields β am ,
whose simple σ-dependence is given in (7.14c). The identity (7.14a) is obtained by using eq.(7.12b) and the explicit forms of the vielbein and the adjoint action given in Appendix B. It follows by chain rule from (7.14a) that the measure factor in (7.13a) is effectively constant det δC δx = field-independent (7.15) and can be ignored. It also follows from (7.14c) that averages in the mechanical theory (Ĝ M ) and the field theory (Ĝ F ) onĜ are simply related, so long as the formal functional measures (see Section 13) ofĜ M andĜ F are suitably adjusted. Specifically, one has
for any function F , which includes averages over products of the affine group elements.
There is another formulation of the theory, on the constrained subspace, in which the spatial derivative relations are identities (as in conventional formulations). As a first step in this formulation, use the constraint (7.12b) to reexpress the Hamiltonian and the momentum
in terms of ∂ σ x. This form of the system is complete with the canonical brackets (7.6a) and the constraints (7.12b,d), or with the canonical brackets and an auxiliary set of equal-σ brackets which must be computed from the constraints. As examples of the auxiliary set, we have
Using these auxiliary brackets, one now obtains the conventional identity
as expected on the constrained subspace.
Density formulation
The Hamiltonian systems above are unconventional formulations of a field theory because they are not written in terms of spatial densities. Since H and P are independent of σ, however, we can define the densities as proportional to the Hamiltonian and momentum,
These σ-independent densities may be used for either dynamical system (7.3,4) or (7.17), but the constraints (or the auxiliary brackets) must be included in the latter case. Because the densities are σ-independent, one has the bracket equations of motion
and similarly for ∂ σ A = i{P, A}. Any particular bracket equation of motion can then be computed in either formulation using only equal-σ brackets, and these results agree with (7.12).
Coordinate space
We turn now to the coordinate-space formulation of the theory. As a first step, we use the phase-space currents (5.3) and eqs.(7.12a,b) in the form
to obtain the simple coordinate-space form of the chiral current modes,
This form of the current modes bears a strong resemblance to the usual coordinate-space currents kη ab e i b ∂x i , kη abēi b∂ x i of the conventional WZW model on G.
Following the usual canonical density formulation, we also obtain the action of the twodimensional field theory onĜ,
where H(λ) and LF include the constraint (7.12b) with a Lagrange multiplier λ iµ (τ, σ). Sections 8.2 and 13 give alternate forms of this action in terms of the affine group elementĝ.
It is straightforward to check that the Lagrange equations of motion of this system are equivalent to the Hamiltonian equations (7.12a,c) and the ∂ σ x constraint (7.12b). One does not need to include the ∂ σ p constraint (7.12d) explicitly in the action formulation; it is implied by the ∂ σ x constraint, the ∂ τ x equation of motion, and the fact
On the constrained subspace it is also straightforward to show that ∂ σ LF = 0, so the Lagrangian is proportional to its density LF = dσLF = 2πLF , in parallel with the Hamiltonian. One can then check backwards that
on the constrained subspace, where L M is the mechanical Lagrangian onĜ in (6.8).
The action (7.24) is another central result of this paper. We remark that it bears a strong resemblance to the sigma model form (1.2a) of the conventional WZW action, except that our action involves fields on the affine Lie group, and there is an additional term to enforce the constraint. In the following section we discuss rewriting this action as a function of the affine group elementĝ ∈Ĝ, in analogy to the g ∈ G formulation (1.2c) of the conventional WZW action.
8 Trace formulation on the affine group
Rescaled Killing metric and rescaled traces
We begin by investigating the Killing metric on the affine groupĜ. Recall first the definition of the Killing metric η ab on Lie G,
where f ab c ,h and ψ are respectively the structure constants, the dual Coxeter number and the highest root of Lie g.
In the same way, the formal Killing metric η M N onĜ is defined by the relation
where f LM N are the affine structure constants andT adj is the adjoint matrix representation of the affine algebra in (2.3). In (8.2), the formal trace Tr is in fact a sum over the reduced carrier space am because (T are finite, however, and the rescaled Killing metric, introduced in Section 2, has been used many times in the development of the previous sections.
In fact, the rescaled trace and rescaled Killing metric continue to be sufficient for our purposes. We recall from Section 2 that the rescaled Killing metric can be used to lower indices and, in particular, one finds the completely antisymmetric structure constants,
where the structure constants f am,bn dq are given in (2.2c). Because it vanishes on the y * subspace, the rescaled metric is not invertible on the full space (am, y * ). However, an inverse exists on the am subspace,η am,bn = η ab δ m+n,0 (8.6a)
and, following its natural occurrence in the WZW Hamiltonian (8.6b), this inverse has been used many times in the development of the previous sections.
The divergent factor in (8.3b) is not unique to the trace of the adjoint representationT adj .
Indeed, the same factor will recur in the traces over any other matrix representation which is faithful to the mode structure of the affine algebra.
A large class of such representations can easily be constructed. For each matrix irrep
one has the corresponding matrix representationT (T ) of affine g,
where the carrier space ofT (T ) is (Im). When one takes a naive trace of a product of N of these matrices, one finds
in parallel to eq.(8.4). Again, the rescaled traces in (8.9b) are finite and sufficient for our purposes. We will also need the more general relation
which holds for any matrix-valued power series F . 
In what follows, we use the unified notationT to denote any one of the representationsT (T ) orT adj .
In matrix representationT , the group elementγ ∈Ĝ equals the reduced group elementĝ,
becauseT y * = 0 replaces the level in these representations. Then one obtainsĝ(T ) analogues of the basic relations which we obtained forĝ(J) in Section 2. For example, one has theĝ(T ) analogue of eqs.(2.11a,b),
where the vielbeins e iµ am (x),ē iµ am (x), being representation independent, are the same as those above.
Many, but not all, of these relations can be obtained, as in (8.14), by the map J →T and k → 0. An important exception involves the operator form (2.12) of the reduced affine Lie derivatives, which satisfy
This differs in form from the relation (2.12c) because the reduced affine Lie derivatives are independent of representation and explicitly dependent on the level.
WZW in terms ofĝ(x(τ, σ)) ∈Ĝ
The two-dimensional field theory onĜ studied in Section 7,
is expressed in terms of coordinates on the affine Lie group. We turn now to rewriting this theory in terms of rescaled traces of functions of the reduced affine group elementĝ(T , x(τ, σ)), using the results of Sections 7 and 8.1.
Note first that the classical coordinate-space current modes (7.23a) can be written in matrix form,
using (8.14). Correspondingly, the current modes can be written as rescaled traces,
in any matrix representationT , using (8.9c). For brevity below, we writeĝ forĝ(T , x(τ, σ)) and χ for χ(T ).
Following the example of the currents, the kinetic terms in the action (8.16) can be written
(8.19) using eq.(8.14).
We next consider theB term in the action. Note first that the antisymmetric tensor field B, defined in (4.3), can be written as a rescaled tracê
in any β-basis. The equality of (4.3) and (8.20a) follows by integration over the parameter t. Using the integral representation (8.20a), one also verifies the cyclic identity The rest of the discussion onĜ parallels the usual development of the WZW term on G. The cyclic identity can be used to integrate the following three-form onĜ,
where 0 ≤ ρ ≤ 1 is the radial coordinate of the usual WZW cylinder, and the two-dimensional g in (8.17-19) is the boundary value of thisĝ at radius ρ = 1.
Using (8.22), we obtain our firstĝ form of the two-dimensional field theory onĜ,
where the second term is a three-dimensional WZW term on the affine group. The last term in (8.23) is the constraint term, whose form follows from eq.(7.14). The multiplier λ am is defined by the invertible relation λ iµ = ∂ iµ β amη am,bn λ bn and a sum on m ∈ Z Z is understood in this term.
The first two terms of the action (8.23), without the constraint term, were considered as a theory in Ref. [9] , and the theory was found to have an infinite degeneracy in that case. In the formulation (8.23), it is the role of the constraint to remove that degeneracy and to implement the classical equivalence with the conventional formulation of the WZW model on the Lie group. In Section 13, we find a more elegant form of the constraint term which is associated to the formal quantum equivalence of this formulation with the conventional formulation. In this part, we find the explicit translation dictionary between the formulations onĜ and G, which shows that our new actions onĜ are mode formulations of WZW.
The overall picture which emerges is a quartet of equivalent formulations of WZW theory,
whereĝ ∈Ĝ and g ∈ G. The conventional formulation of WZW on G is in the lower left. The top line of the picture describes the two formulations onĜ in Part II, whose equivalence to each other was discussed in Section 7. More generally, the horizontal direction of the picture shows the use of constraints to change the dimension of the base space (see also Section 14). The left column describes the equivalence (which is studied in Sections 10-12) of the mechanical formulation of WZW onĜ with the conventional formulation on G.
The central relation underlying the equivalence in the left column is the mode identity
where x i (τ, σ) is the local WZW coordinate on G, and the tangent-space coordinates β a and β am appear in the group elements of G andĜ as
As in Section 8,T is any of the affine matrix representationsT (T ) orT adj , and T is the corresponding matrix representation of Lie g.
The mode identity (9.2) emphasizes the fact that the operation of moding is a partial transmutation
between the target space and the base space. More generally, such partial transmutations operate in the vertical direction of the picture, and the transmutation in the right column allows us to express the field-theoretic formulation onĜ as a three-dimensional field theory on G (see Section 14).
Modes onĜ and local fields on G
In this section, we develop the translation dictionary which underlies the equivalencê
described by the left column in the picture (9.1). In Section 14, the dictionary will also be applied to the right column of the picture.
As a conceptual orientation, we recall first that the operator current modes (4.6), In what follows, we will define σ-dependent local fields on G whose σ-independent modes are the quantities onĜ. Except where it is relevant, we will suppress the time dependence of all quantities. We will discuss the translation dictionary first for the quantum system, returning later to indicate the simple changes necessary for the corresponding classical results.
We begin with the canonical operator system
where x iµ are the Einstein coordinates onĜ. It is useful to define the corresponding canonical tangent-space system,
where β am is the tangent-space coordinate onĜ in (9.3) and ∂ am x iµ (β) is the inverse of the
We then define the local WZW fields in terms of a periodic coordinate 0 ≤ σ < 2π,
where x i (σ), i = 1 . . . dim g are the local Einstein coordinates on G and β a (x(σ)) are the tangent-space coordinates on G in (9.3). Note that in this moding upper and lower tangentspace indices are associated to e imσ and e −imσ respectively.
As we will see below, the tangent-space mode identities (10.6) are correct because: • The mode identities guarantee the same simple e ±imσ moding for all objects with tangentspace or carrier-space indices. The moding of objects with Einstein indices is more involved, as discussed below.
• The mode identities guarantee equivalence of the mechanical system (10.3) onĜ with the conventional WZW model on G. We mention in particular (see Section 12) that conventional WZW averages on G
can be computed for any F as shown, using the mechanical formulation (Ĝ M ) onĜ.
The relation (10.6a) allows independent choices of bases onĜ and on G, which control the moding of the Einstein coordinates. For example, one may choose the standard bases
where e i a (0) and e iµ am (0) are the vielbeins at the origin on G andĜ respectively. Then one obtains the mode relation of the Einstein coordinates,
and more complicated relations are generally obtained for other basis choices.
It is straightforward to check that the local tangent-space fields in (10.6) are canonical
Although their moding may be complicated, the Einstein coordinates are periodic functions of σ, and one can also find the corresponding local canonical Einstein system,
by using chain rule from the local tangent-space system (10.10). It follows that the local Einstein momenta are functional derivatives (10.12) with respect to the local Einstein coordinates.
Group elements
We consider next the the group elementsĝ ∈Ĝ and g ∈ G in (9.3), whose mode relations have the form
where I, J = 1 . . . dim T . The inverse relation (10.13b) follows from (10.13a).
The relation (10.13a) is proven separately for each order inĤ and H, wherê
As an illustration, we discuss the lowest orders explicitly. To zeroth order, the relation (10.13a)
is an identity because
The first order computation is
and higher orders are easily checked following similar steps.
The form of the result (10.13a) is somewhat surprising, because one might have expected a double sum over m and n. In fact this form is natural because, in their carrier space indices, the affine matrix representationsT Im Jn (see (8.8) ) and the affine group elementsĝ Im Jn are functions only of m − n.
In the same way, one establishes the general relations
for all power series F (H), where Tr is trace on Lie g and the rescaled tracesTr onĜ are defined in Section 8.
Antisymmetric tensor fields
The general relation (10.17a) is sufficient to obtain the mode relations of any object with two free indices, such as the group elements in (10.13). As a second example, we consider the mode relation between the antisymmetric tensor fieldB iµ,jν onĜ and the standard antisymmetric tensor field B ij on G. Since these objects have Einstein indices, we employ the transition functions ∂ am x iµ (β) and ∂ a x i (β(σ)) to generate tangent-space structures with simple moding,
where the function N(H), which is the same for bothĜ and G, is given explicitly in Appendices A and B. The mode relation (10.18c) is a special case of (10.17a), and, using this relation, we find that
This mode relation may also be written
because the transition functions are invertible. In both eqs.(10.19) and (10.20), n ∈ Z Z is arbitrary.
Vielbeins
As another example with two indices, we follow similar steps to obtain the mode relations of the vielbeins onĜ and G,
where the function M(H) is given explicitly in Appendices A and B. We also find the corresponding results
for the other vielbein and the inverse vielbeins.
Other mode relations
We turn now to mode relations for general objects with fewer than two free indices. These relations will be important for the currents and the action, discussed in Sections 11 and 12. In what follows, we limit ourselves to the adjoint representations.
A general class of one-index tangent-space objects is formed by contraction of the tangentspace coordinates or tangent-space momenta with the general two-index structure F (H) in (10.17a). For example, one has
Similarly, one finds the relations
by using ∂ τ β, ∂ σ β or p instead of β in (10.23).
As an application of (10.24b), we find the relations
where we have also used the explicit β-basis forms of the adjoint actionΩ =ĝ −1 (T adj ) and the vielbeins given in the appendices. Taken with eq.(10.13), these results complete the mode relations of the affine group elements.
A large class of mode relations for objects with no free indices is similarly constructed. We give here only some representative results,
although other relations of this type are easily obtained to describe contraction of F (H) with tangent-space momenta.
As anticipated, the translation dictionary of this section conforms to the rule that upper and lower (affine) tangent space and carrier space indices are associated to e imσ and e
−imσ
respectively. This rule holds as well when (affine) tangent-space indices are raised and lowered with the rescaled Killing metric.
The translation dictionary has an isomorphic classical form which is obtained by replacing the quantum operators p iµ , p am , p i (σ), and p a (σ) with their corresponding classical momenta.
In the following sections, we apply the translation dictionary to the central structures of the theory, that is the currents and the action.
Local fields and local currents
The operator current modes (10.2)
.
are functions of the coordinates on the affine Lie group, and derivatives with respect to these coordinates. In this section, we use the translation dictionary above to express the local operator currents,
as functions of the local fields on the Lie group, and functional derivatives with respect to these fields. This section is strictly current-algebraic and does not depend on any particular dynamics † .
For the left-invariant currents, follow the steps
where the operator momenta p iµ , p am , p i (σ), and p a (σ) are defined in Section 10. To obtain (11.3b), we used the explicit β-basis form of the reduced affine Lie derivatives given in Appendix B. The functions C(H) and D(H) are also given in this Appendix. Eq.(11.3c) follows from the mode relations (10.24b) and (10.24c). Finally to obtain (11.3d), we reorganized (11.3c) using the explicit β-basis forms (see Appendix A) of the vielbein e i a and the antisymmetric tensor field B ij on G.
Following similar steps forĒ, we summarize the results for the local operator currents of affine g × g,
where we have used the fact that the local Einstein momentum p i (σ) in (10.12) is a functional derivative. † In the context of the mechanical model onĜ, the classical analogues of the current modes (11.1) were denoted by E a (m, τ ) andĒ a (m, τ ) in eq.(6.2b). In the context of the field theory onĜ, the classical analogues of the local currents (11.2) were denoted by E a (τ, σ) andĒ a (τ, σ) in eq.(7.10).
The classical version of this result is Bowcock's canonical representation [12] of affine g×g,
where p i (σ) are classical canonical momenta.
12 Mechanics onĜ and WZW on G
Classical equivalence
In this section, we use the translation dictionary of Section 10 to show that the mechanical Lagrangian L M onĜ in (10.3) is equal to the conventional WZW Lagrangian,
where L W ZW in (12.1b) is the usual sigma model form of WZW on G.
To see this equality, follow the steps,
To obtain (12.2a) from (12.1a), we used the explicit β-basis form of the mechanical action given in Appendix B. This Appendix also gives the functions F (H) and G(H). The form in (12.2b) then follows from the mode relations (10.26b,c,d). Finally, one notices that (12.2b) is the β-basis form (see Appendix A) of the conventional WZW Lagrangian on G. In this computation, the (Ω y * ) 2 term becomes the (∂ σ x) 2 term (as can also be seen from the relation (10.25b)) and theB term becomes the B term.
WZW in terms ofĝ(x(τ )) ∈Ĝ
We can also use the translation dictionary to obtain theĝ form of the mechanical action,
whereĝ(T , x(τ )) ∈Ĝ is the reduced affine group element in affine matrix representationT . This form of the mechanical action follows directly from the conventional WZW action
using ‡ the g ↔ĝ mode relation (10.13) and the trace relation (10.17c).
The elegant action (12.3) is another central result of this paper. This form of the mechanical action shows a two-dimensional WZW term onĜ, which is equal, under the translation dictionary, to the conventional three-dimensional WZW term on G.
One can say more about the structure of the two-dimensional WZW term. Comparing (12.1a) and (12.3a), we find the identity
,jν e am jν η abΩ b,−m y * (12.5) between the two-dimensional and the one-dimensional forms of the WZW term onĜ. This identity also follows from the divergence relation whose structure parallels that of the WZW term onĜ in (8.22 ) and the conventional WZW term on G. For a direct proof of the divergence relation, follow the steps, We have also worked out the variation of the mechanical action (12.3), using
For this computation, it is useful to define the prime operation on any matrix-valued function,
which includes (12.3b) as a special case. The prime operation satisfies a Leibnitz rule and an identity which is analogous to integration by parts,
Then we find that the variation of the WZW term is a total derivative, (12.11) and the resulting equation of motion of the mechanical system is
Under the translation dictionary, the prime operation becomes the derivative with respect to σ, and the equation of motion (12.12) becomes the usual equation of motion∂(g −1 ∂g) = 0 of the conventional WZW formulation on G.
Formal Haar measure onĜ and formal quantum equivalence
In this section, we give the relation between the formal Haar measure on the affine group and the Haar measure on the Lie group. We use this relation to establish the formal quantum equivalence of the mechanical formulation onĜ with the conventional WZW formulation on G. The statements of this section hold only up to irrelevant constants.
The formal Haar measure dĝ onĜ is equal, under the translation dictionary, to the spatial product of Haar measures dg on G,
whereĜ iµ,jν and G ij are the target-space metrics onĜ and G.
Our proof of (12.13a) goes through tangent-space variables as usual,
Taken with the action equality S M = S W ZW in (12.4), this result shows the formal quantum equivalence of the mechanical formulation onĜ with the conventional formulation of WZW on G,
where Dg in (12.15b) is the formal functional measure of the conventional formulation. It follows from (12.15) and (10.6a) that conventional WZW averages on G
can be formally computed for any F as shown, using the mechanical formulation (Ĝ M ) onĜ.
As seen above, the formal measures dĝ(x) = σ dg(x(σ)) and D Mĝ = Dg have closely related formal divergences. It is an important open problem to find suitably regularized forms of these measures.
Field theory onĜ and formal quantum equivalence
In this section we use the formal Haar measure onĜ to discuss the formal quantum equivalencê
of the field theory onĜ with the mechanical system onĜ and the conventional formulation of WZW on G. These equivalences were discussed at the classical level in Section 7. Our conclusion is that we may take the spacetime product of Haar measures onĜ as the functional measure for the field theory onĜ, and this measure dictates a more elegant form for the constraint term of this formulation. Again, the measure relations of this section hold only up to irrelevant constants.
For the discussion here, it is convenient to write the action (8.23) of the field theory on G as SF = S 0 + S C (13.2a)
where S C is the constraint term.
Starting from the partition function (12.15a) of the mechanical formulation, we can use the constraint identities (7.13) and (7.15) to derive the partition function of the field theory onĜ. The result is
(13.3) whereĜ is defined in (12.13c) and we used the fact (see eq.(7.25)) that S 0 = S M on the constrained subspace. The functional measure in this relation contains an unaesthetic product of affine Haar measures at a fixed reference point σ 0 in σ.
We can obtain a more elegant form of the functional measure by changing variables to the reduced affine group elementĝ. One begins with the solution of the constraint
given in (7.14). Following steps parallel to those used in proving eq.(10.13a), we find the σ-dependence ofĝ
on the constrained subspace.
One may then prove the following relation
which holds on or off the constrained subspace, and which gives theĝ form of the constraint. This relation can be proven order by order in β am , or by the following simple argument. Using only chain rule and the vielbein relation (8.14), one finds thatĝ(x(σ)) satisfieŝ
on or off the constrained subspace. Because both sides of (13.6) vanish on the constrained subspace, it then follows thatĝ −1ĝ′ = iη abΩ a,−m y * T bm (13.8)
on the constrained subspace. But neither side of (13.8) has any sigma derivatives, so this relation, and hence (13.6), must be true on or off the constrained subspace.
Using the relation (13.6) in the partition function (13.3), we find that
where theĝ form of the constraint appears in the functional delta function, and D Fĝ is the spacetime product of Haar measures onĜ. The improved action S F of the field theory onĜ is
whereĝ(T , x(τ, σ)) ∈Ĝ is the reduced affine group element andĝ ′ is defined in eq.(13.5c).
Because of the formal quantum equivalence (13.9a), this form of the field theory onĜ is another central result of the paper. Of course, the improved action S F and the action SF = S 0 + S C in (13.2) are classically equivalent, differing only in the form of the constraint.
Summary of the quantum equivalences
Collecting the results (12.15a) and (13.9a), we have the formal quantum equivalences,
among all three formulations of WZW theory. Similarly, the results (7.16) and (12.16) may be combined to obtain the relations
among the formal averages of all three formulations.
WZW as a field theory in three dimensions
We finally turn to WZW as a three-dimensional field theory on G, a formulation which we will derive from the two-dimensional field theory onĜ
by another application of the translation dictionary of Section 10. In this case, the partial transmutation of the base and target space is
where 0 ≤σ < 2π is an additional periodic coordinate.
We begin with the form of the two-dimensional field-theory onĜ,
obtained in Section 13. Next, we define fields on G which are local inσ,
Then the action (14.3) can be reexpressed as a three-dimensional field theory on G, with a four-dimensional WZW term. The first two terms of (14.5a) follow from (14.3) in a single step using the trace identity (10.17c), and the form of the constraint term follows from (10.17c) and (14.4a).
The three-dimensional action (14.5) completes the quartet of formulations of WZW theory announced in the introduction and shown in eq.(9.1).
It is clear from the derivation above that the three-dimensional form of WZW theory is equivalent to the other three formulations. Instead of developing translation dictionaries between this formulation and the formulations onĜ, we confine ourselves here to showing a direct equivalence with the conventional WZW formulation on G, g(x(τ )) g(x(τ, σ))ĝ To see this equivalence, we start with the three-dimensional formulation and solve its constraint, (∂ σ − ∂σ)g(x(τ, σ,σ)) = 0 (14.7)
which is the equation of motion of the multiplier λ in (14.5a). This constraint can be simplified to (∂ σ − ∂σ)x i (τ, σ,σ) = 0 (14. 8) and one also finds that β(x(τ, σ,σ)) = e im(σ+σ) β am (x(τ )) (14.9) by using and eqs.(14.4a) and (14.8).
Then it is convenient to define new variables on T 2 ,
so that x i = x i (τ, σ + ). It follows from periodicity on T 2 that, as in (14.9), all the quantities of the theory on the constrained subspace are periodic functions f 2π (x(τ, σ + )) of σ + with period 2π, and moreover, Therefore, on the constrained subspace, the three-dimensional action (14.5a) has the form
Tr(g −1 dg) 
The g form of the conventional WZW action is given in (1.2b).
Appendix B: Identities onĜ
We list some useful identities on the affine Lie groupĜ (analogous to those on G in Appendix A) including in particular the explicit β-basis forms of various quantities which are central to the proofs of Section 10, 11 and 12. Here J a (m), a = 1 . . . dim g, m ∈ Z Z are the current modes and x iµ , i = 1 . . . dim g, µ ∈ Z Z are the coordinates on the reduced affine group manifold.
Einstein and tangent-space indices are Λ, Γ = (iµ, y) and L, M = (am, y * ) respectively, and J L = (J a (m), k) are the generators of the affine group.
A. Reduced group element and adjoint action. B. Vielbeins and inverse vielbeins.
The Cartan-Maurer and inverse Cartan-Maurer relations in (B.2b) hold also for e →ē.
C. Antisymmetric tensor field. The purely group-theoretic forms of the mechanical action onĜ are given in eqs.(6.7) and (12.3).
